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The mass of the graviton, if nonzero, is usually considered to be very small, e.g. of the Hubble
scale, from several observational constraints. In this paper, we propose a gravity model where the
graviton mass is very small in the usual weak gravity environments, below all the current graviton
mass bounds, but becomes much larger in the strong gravity regime such as a black hole’s vicinity.
For black holes in this model, significant deviations from general relativity emerge very close to the
black hole horizon and alter the black hole quasi-normal modes, which can be extracted from the
ringdown waveform of black hole binary mergers. Also, the enhancement of the graviton mass near
the horizon can result in echoes in the late time ringdown, which can be verified in the upcoming
gravitational wave observations of higher sensitivity.
The recent detection of gravitational waves (GWs) by
the advanced Laser Interferometer Gravitational Wave
Observatory (LIGO) [1] has ushered in the era of GW
astronomy, opening up a new window to probe black
holes as well as to test general relativity (GR) and its
alternatives in the strong gravity regime.
A natural alternative to GR is to let the graviton mass
be nonzero. Indeed, the observation of the late time cos-
mic acceleration has triggered a surge of interest in mas-
sive gravity where the graviton has a Hubble scale mass,
especially after the discovery of de Rham-Gabadadze-
Tolley (dRGT) theory [2–5], which overcomes the long-
standing theoretical pathology of the Boulware-Deser
(BD) ghost [6]. The original dRGT model, however, does
not accommodate stable homogeneous and isotropic cos-
mological solutions [7], nor does it admit healthy static
and spherically symmetric black holes [8, 9]. These prob-
lems can be circumvented in mass-varying massive grav-
ity (MVMG) [10], in which the dRGT graviton mass is
promoted to a function depending on a scalar field and
thus can vary with the environment.
In this paper, we investigate how much the graviton
mass can vary with the environment without running
into trouble with observations. We will construct a mas-
sive gravity model where the graviton mass is very small
(e.g., of Hubble scale 10−33eV) in weak gravity environ-
ments like the solar system or cosmological settings, but
becomes much larger (e.g., 10−10eV) near the horizon
of astronomical black holes, yet still phenomenologically
viable. Novel features arise in this model and can be
examined in the upcoming GW observations of higher
sensitivity. Especially, the enhancement of the graviton
mass near the black hole horizon can result in late time
“echoes” in the ringdown waveform of black hole merg-
ers, similar to those induced by exotic matters or features
near the horizon [11, 12]. Do echoes exist in the LIGO
data? How can they be further extracted, if they exist?
These questions have become an active subject of recent
discussions[13–17].
Consider a massive gravity model given by the action
S = M2P
∫
d4x
√−g
[
R
2
+V (σ)U− 1
2
(∂σ)2−W (σ)
]
, (1)
where U = U2 + α3U3 + α4U4 is the dRGT graviton
potential and Ui ≡ Kµ1[µ1 ...K
µi
µi]
, Kµν ≡ δµν −
√
g−1η
∣∣µ
ν
,
with g−1 = (gµν) and η = (ηµν). Here the anti-
symmetrization is defined with weight one (e.g., A[µν] =
(Aµν − Aνµ)/2). The graviton mass [18] is regulated by
the environment field σ. We will focus on the simple
model with
V (σ) = m20 +m
2σ4, W (σ) =
1
2
m2σσ
2 + λσσ
6, (2)
where m0 is assumed to be of the cosmological scale, po-
tentially accounting for the late time cosmic acceleration
but playing little role for astronomical black holes. In
contrast, a typical value of m is taken to be around the
inverse of the Schwarzschild radius of a stellar black hole.
In the weak gravity regime, the environment field σ sits
around zero due to the absence of direct decoupling be-
tween σ and the matter fields, thus the model essentially
reduces to the original dRGT model. Near black holes, σ
can grow nontrivially. To obtain the black hole solutions,
we start with the most general static and spherically sym-
metric ansatz:
ds2 = −a(r˜)dt˜2 + 2b(r˜)dt˜dr˜ + c(r˜)dr˜2 + d(r˜)dΩ2,
ds2η = −dt˜2 + dr˜2 + r˜2dΩ2 and σ = σ(r˜). (3)
There are two branches of solutions [19]. The diagonal
branch (b = 0) leads to GR-like black holes that are
plagued by various pathologies and is thus not of interest
here. The non-diagonal branch (b 6= 0) leads to interest-
ing hairy black holes, which requires βk23 + 2αk3 + 1 = 0
with α ≡ 1+α3 and β ≡ α3+α4. k3 ≡ 1−
√
r˜2/d(r˜) is the
eigenvalue of the matrix K that has algebraic multiplicity
2. r˜2/d(r˜) being a positive constant limits the parameter
regions to be α2 ≥ β and (±
√
α2 − β − α)/β < 1.
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2For the non-diagonal branch, the equations of motion
reduce to a system of ordinary differential equations for
the variables a(r˜), e(r˜) ≡ ac+b2 and σ(r˜). For boundary
conditions, one has a(r˜h) = 0 at the black hole horizon
(r˜ = r˜h) due to the fact that the horizon of a static and
spherically symmetric black hole is necessarily a Killing
horizon of ∂t˜. The requirement that the horizon is free
of physical singularities imposes another boundary condi-
tion on σ′(r˜) at r˜h. Also, we are interested in flat asymp-
totics [20], which imposes the other two boundary condi-
tions that σ → 0 and b → 0 at large r˜. Generically, the
solution of such a system can be obtained numerically via
a 2D shooting procedure. The hairy black hole obtained
in this way is unique for a given (Arnowitt-Deser-Misner)
mass Mbh, which also implies the scalar hair of the black
hole is of the secondary type.
Our numerical integration starts at a small distance
away from the horizon and goes to a sufficiently large r˜.
Viewed as an initial value problem with “time” variable
r˜, the Cauchy data near the horizon are e and σ, which
should be tuned so that the two boundary conditions
at large r˜ are satisfied. For simplicity, we choose the
following values for the model parameters
α3 = −2/k3, α4 = 3/k23, (4)
which allows us to shoot e and σ independently. We have
tried a few other choices of these parameters and found
the solutions do not differ qualitatively.
To present the black hole solutions, it is instructive
to rescale the time and radial coordinate t =
√
a∞t˜,
r =
√
c∞r˜ so that the dynamical metric gµν takes the
standard Minkowski form ηµν asymptotically. In the new
coordinates, the tt, tr and rr metric components are re-
spectively
A =
a
a∞
, B =
b√
a∞c∞
, and C =
c
c∞
, (5)
where a∞ = 4(1− k3)4/(k33 − 6k23 + 6k3 − 2)2 and c∞ =
1/(1 − k3)2. See Fig. 1 for a few fiducial black hole so-
lutions. The hairy solutions deviate from Schwarzschild
spacetime near the horizon, and settle down to it quickly
as r increases. From the 1/r fall-off behavior of the tt
metric component, we can infer the gravitational radius
rg = 2GMbh. As shown in the left panel of Fig. 2, the
gravitational radius is generically greater than the hori-
zon radius. The graviton mass
√
V decreases exponen-
tially to zero with r (since we have neglected m20), so
typically within a couple of rh away from the horizon,
the metric essentially reduces to the Schwarzschild met-
ric, implying that all the current weak field GR tests can
be easily passed as we shall see later. In the vicinity of
the horizon, however,
√
V can be of the order of 1/rh or
even larger. For a given m, the region where solutions
significantly deviates from GR decreases as the black hole
mass Mbh increases.
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FIG. 1. Numerical black hole solutions. The parameters cho-
sen are mσ = 10
−2m, k3 = −1/10, α3 = −2/k3, α4 = 3/k23
and λσ = 0. A is the tt metric component, V
1/2 is the gravi-
ton mass and rg = 2GMbh with Mbh being the mass of the
black hole.
Before discussing the observational aspects of these so-
lutions, we first make a couple of theoretical remarks. On
the asymptotic vacuum of these black holes, the (pos-
itive) λσ term of W is needed precisely to render the
σ potential globally bounded from below, but the black
hole solutions are insensitive to the choice of this nonlin-
ear term in W , given the fact that σ(r)  1 for these
solutions. The V U term contributes a negative σ4 term
to the σ potential, so σ = 0 is a local minimum and is
meta-stable quantum mechanically. However, the tun-
neling rate to the global minimum is extremely small.
To see this, note that the tunneling rate per volume can
be estimated by Γ/V ∼ m4σe−SE , where SE is the Eu-
clidean action for the bounce solution. The vacuum not
having decayed by now requires (Γ/V)T 4 . 1, where
T ∼ 1045TeV−1 is the age of the universe. This imposes
the condition that the minimum bounce action must be
ScosmoE & 400 + 4 ln(mσ/TeV). On the other hand, our
model has SmvmgE = M
2
P Sˆ
mvmg
E /(k
2
3m
2), where SˆmvmgE is
the re-scaled Euclidian action
SˆmvmgE = 2pi
2
∫ ∞
0
ρ3dρ
[
1
2
(
dσˆ
dρ
)2
+ σˆ2 − σˆ4 + κσσˆ6
]
(6)
with σˆ =
√
2k3mσ/mσ, λσ = 2κσk
4
3m
4/m2σ and
ρ = mσ
√
(−it)2 + r2/√2. By explicitly calculating the
bounces for different κσ, one can show that Sˆ
mvmg
E mono-
tonically decreases from about 104 to 6.58 as κσ decreases
from 1/4 (so that σ = 0 is a local minimum) to 0 (the
thick wall limit). k3 is naturally chosen to be order 1
or less, and M2P /m
2 is a huge ratio since 1/m is an as-
trophysical length scale in our model. Therefore, we see
that SmvmgE in our model is much greater than the lower
bound of ScosmoE , which means the asymptotical vacuum
is stable for much far longer than the current age of uni-
verse.
It is also useful to estimate the strong coupling scale of
the model. For this, it is simplest to work in the Stueck-
elberg formalism, in which one introduces 4 scalar fields
φα via the replacement ηµν → ∂µφα∂νφβηαβ in action
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FIG. 2. Deviations from GR for geodesics near black holes.
We choose k3 = −1/10 and λσ = 0. The contours depict frac-
tional deviations (0.1%, 1% and 10%) of the relevant quanti-
ties from their GR counterparts.
(1) to restore diffeomorphism invariance (see, e.g., [21]
for details). Around Minkowski space gµν = ηµν and
the trivial σ background σ = 0, the interaction opera-
tors are those of the dRGT model, which are strongly
coupled at Λ3 = (m
2
0MP )
1/3, plus some extra operators
that are strongly coupled above Λ3 since mMP . The
strong coupling scale can be further raised to around
Λ2 = (m0MP )
1/2 if the Vainshtein mechanism is ef-
fective, or equivalently there is a valid Λ2-type back-
ground that is approximately flat but not of the stan-
dard Minkowski form [22]. On the other hand, in the
strong gravity regime, the graviton mass becomes much
larger than m0 and, in addition, the effects of Λ2-type
backgrounds [22] and curvatures [23] may provide a non-
trivial background that further raises the strong coupling
scale. So in the strong gravity regime the strong coupling
scale can be significantly raised, potentially to around
Λ′2 ∼ (mMP )1/2.
To quantify how the hairy black hole differs from
the GR solution, one can probe its geometry by the
geodesic motions of a smaller object around it. For a
static and spherically symmetric solution, we have two
Killing vectors ∂t and ∂φ. For the equatorial geodesics
(θ = pi/2), the conserved energy and angular momentum
per unit mass are given by  = −gµν(∂t)µdxν/dλ and
` = −gµν(∂φ)µdxν/dλ respectively, where λ is the proper
time for time-like geodesics and an affine parameter for
light-like geodesics. The geodesic equation is given by
E
2
(
dr
dλ
)2
+ Veff = 0, Veff ≡ A
2
(
`2
r2
+ ξ
)
− 
2
2
, (7)
where E = AC+B2 and ξ = 1(0) for a massive (massless)
particle.
A few interesting observables can be derived from the
geodesic equation: the innermost stable curricular or-
bit (ISCO) frequency ωISCO, the maximum redshift of a
photon emitted from the ISCO and the circular photon
orbit impact parameter bph. The geodesic orbit is cir-
cular when dr/dλ = Veff = 0. The ISCO radius rISCO
is further specified by the conditions dVeff/dr = 0 and
d2Veff/dr
2 = 0 with ξ = 1, which gives
− 2rA′2 +A(3A′ + rA′′)∣∣
ISCO
= 0, (8)
and the ISCO frequency is given by
ωISCO = dφ/dt =
√
A′/2r
∣∣
ISCO
. (9)
ωISCO can be measured by fitting the continuum X-ray
spectra of black hole accretion disks (e.g., [24, 25]) or us-
ing the quasi-periodic oscillations in the accretion spec-
trum [26]. More importantly, ωISCO can be accurately
measured by the European Laser Interferometer Space
Antenna (eLISA) in extreme mass-ratio inspirals (EM-
RIs) [27], systems of a stellar mass compact object or-
biting a supermassive black hole. The maximum redshift
of an ISCO photon as measured from far away is from
a photon emitted from the backward direction along the
geodesic motion:
zmax = −1 + (1 + rω/
√
A)/
√
A− r2ω2∣∣
ISCO
, (10)
which can be probed by the iron-Kα lines [28]. The pho-
ton circular orbit is specified by Veff = 0 and dVeff/dr = 0
with ξ = 0, which is at the radius rph: −2A+rA′
∣∣
ph
= 0.
Defining the impact parameter as b = `/, at the photon
circular orbit, we have
bph = r/
√
A
∣∣
ph
. (11)
The circular photon orbit impact parameter may be mea-
sured by gravitational lensing experiments [29], while
the Event Horizon Telescope aims to observe the images
around the circular photon orbit of supermassive black
holes. The circular photon orbit frequency ωph = 1/bph is
closely related to quasi-normal modes of the black holes
(e.g., [30]). In Fig. 2, the contours show the fractional de-
viations of these quantities from their GR counterparts.
We find for black holes much heavier than M2P /m, the
quantities above are essentially the same as those in GR.
This is not surprising given that such black holes are
Schwarzschild-like unless one gets very close to the hori-
zon.
More sensitive tests of our model come from direct ob-
servations of GWs from black hole mergers, which can
probe the regions further closer to the black hole hori-
zon. A full analysis of the GW waveforms requires a
non-perturbative numerical treatment, which is unavail-
able for massive gravity and its extensions. However, we
can still make some forecasts on the waveforms of the
early inspiral phase and the ringdown phase using per-
turbation theory.
In the early insprial phase, we can treat the gravita-
tional field as a perturbation around Minkowski space
gµν = ηµν + hµν . The linear perturbation theory in
Lorentz invariant ghost-free massive gravity is ill-defined
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FIG. 3. Power spectral density of the GW signals sourced by
two 30M black holes inspiraling in a circular orbit at a dis-
tance of 410Mpc. The frequencies are cut off at a separation
of 3rg. The gray dashed line is for GR, while the blue and
orange lines are for MVMG with mrg = 7.4 and mrg = 40.8
respectively (mσ/m = 10
−2.25). The solid black line shows
the design sensitivity of advanced LIGO.
within the Vainshtein scale due to the van Dam-Veltman-
Zakharov discontinuity. A simple way to circumvent this
discontinuity is to replace the graviton mass with the
non-Fierz-Pauli form of [31], in which case the BD ghost
and the longitudinal mode precisely cancel each other
[32]. Defining h¯µν ≡ hµν − 12ηµνh, the modified pertur-
bative Einstein equation can then be cast as
Eρσµν h¯ρσ +
1
2
V (σ)h¯µν =
1
M2P
Tµν , (12)
where Eρσµν h¯ρσ is the linearized Einstein tensor and Tµν is
the energy momentum tensor of matter.
The orbit decays very slowly in the early inspiral phase,
and therefore we may expect that V changes very slowly
with time, d
√
V /dt  ω2, where ω is the frequency of
the GWs. Indeed, for black holes of astrophysical in-
terests, we checked that this adiabatic condition, e.g.
dV 1/2/ω2dt < 0.1, is justified at least for regions down to
3rg, where the GW quadruple formula may cease to be
adequate anyway. Therefore, to a good approximation,
the GWs emitted at a given orbit can be calculated with
the constant V there. Corrections to the GW emission
due to a constant graviton mass have been computed in
[31]. For two identical black holes in a circular orbit, the
corrections to the GW strain in the frequency domain can
be estimated by h(f) = hGR(f)
(
1 + 56
V
ω2
)−1/2
, where
f = ω/2pi and hGR(f) ∝ f−7/6 is the Fourier transfor-
mation of the inspiral waveform predicted by GR.
Furthermore, there is also a correction to the wave-
form due to the varying of the graviton mass as GWs
propagate to the observer. This effect can be estimated
using a WKB approximation, which leads to an addi-
tional factor of (1 − V/ω2)−1/4 correction to the strain
(and a correction of − 12
∫∞
∆
drV/ω2 to the phase, with ∆
being the separation between two black holes when the
GW is emitted). In Fig. 3, we plot two examples of the
power spectral density of the inspiral waveform, as well as
the corresponding GR curve, against the advanced LIGO
design sensitivity curve.
The post-merger GWs contain information very near
the horizon where the most significant departure from
GR occurs. As the characteristic “sound” of a black hole,
the quasi-normal modes (QNMs) are important informa-
tion encoded in the post-merger waveform. Given the
large graviton mass and distinct geometry near the hori-
zon, a quite different QNM spectrum can be expected
from that of the Schwarzschild black hole [33]. The early
ringdown waveform, however, can still be very similar
to the GR waveform, since the early ringdown waveform
is most sensitive to physics close to the circular photon
orbit [11].
Moreover, as pointed in [11, 17], dramatic modifica-
tions near the horizon typically result in “echoes” of the
GWs that can be detected by LIGO in the near future.
Different from the previous results where exotic matter or
quantum effects are invoked, here it is the graviton field
itself that undergoes a peculiar change. As a demonstra-
tion, we shall consider a test scalar field that couples to
σ in a way similar to that of the graviton, and scatter off
a wavepacket of such field with initial configurations:
∂Ψlm
∂t
(t = 0, r) = e
− (r∗−r0)2
r2σ , Ψlm(t = 0, r) = 0, (13)
on the black hole background. Here r∗ is the tortoise
coordinate defined by dr/dr∗ =
√
PQ with P and 1/Q
being the tt and rr component of the diagonalized back-
ground metric respectively. Ψlm/r is the lm spherical
harmonic component of the wavepacket, which satisfies
the modified Regge-Wheeler equation[
− ∂
2
∂t2
+
∂2
∂r2∗
− Ueff(r)
]
Ψlm(t, r) = 0, (14)
with Ueff(r) = P
(
l(l+1)
r2 +
1
2
dQ
rdr +
Q
2P
dP
rdr + V
)
. An ex-
ample of the effective potential Ueff is shown in Fig. 4,
where an extra barrier arises due to the enhancement
of the graviton mass near the horizon. This results in
echoes in the late-time ringdown waveform; See the bot-
tom panel of Fig. 4, where the numerical solution of Ψ20 is
shown for an example. The latency of the echoes depends
on the separation between the two barriers [12]. In our
case, a heavier black hole has an effective potential mod-
ified closer to the horizon and thus a further separated
double barrier, leading to more prominent echoes. Note
that this is opposite of the geodesic deviations, where a
lighter black hole deviates more significantly from GR,
which will help constrain the model in upcoming experi-
ments.
In summary, we have constructed an extension of
dRGT massive gravity where the graviton mass is very
small in conventional environments such as in the solar
system and other weak gravity regimes, but can be sig-
nificantly enhanced in the vicinity of black holes. As a
result, sizeable observational deviations from GR arise
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FIG. 4. The upper panel shows the effective potential Ueff
with l = 2 against the tortoise coordinate r∗ in GR (gray
dashed line) and MVMG (orange solid line). We see that there
is an extra barrier in the case of MVMG. The lower panel
shows the waveforms of a test scalar wavepacket scattered in
GR (gray dashed line) and MVMG (orange solid line) black
hole background. The orange dashed line shows the difference
between the GR and MVMG waveforms, which are echoes
caused by the extra barrier in MVMG. The wavepacket has
the initial configuration Eq. (13) with r0 = 5rg and rσ = 3rg.
For MVMG, we choose mσ = 10
−1.625m and mrg = 648.6.
in the strong gravity regime (specially very close to the
black hole horizon), which may be examined in the up-
coming tests of gravity. Particularly, an extra barrier
in the effective potential of black hole perturbations can
emerge near the horizon, modifying the GWs from black
hole mergers by producing “echoes” in the late time ring-
down waveform, which will be measured more accurately
by LIGO and upcoming GW observations. Besides, as
can be seen in Fig. 2, smaller black holes deviate more sig-
nificantly from GR. Thus, small primordial black holes,
if observed, can also provide another good test of this
model.
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